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Abstract

Knot polynomials are polynomial equations that are assigned to knot projections
based on the mathematical properties of the knots. They are also invariants,
or properties of knots that do not change under ambient isotopy. In other words,
given an invariant α for a knot K, α is the same for any projection of K. We
will define these knot polynomials and explain the processes by which one finds
them for a given knot projection. We will also compare the relative usefulness
of these polynomials.
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Introduction

Knot theory is a branch of topology in which the properties of mathematical
knots in Euclidean 3-space, R3 , are studied. A mathematical knot is the same
structure in three-space as a knot found in daily life, such as on a shoelace or
rope on a sailboat, except a mathematical knot is joined together ay its two
ends. The simplest knot is a ring, also referred to as the “unknot.” A few of the
most common knots are pictured below:

Figure 1: Some example knots
Most knots are named by the number of crossings they have, plus a second
number that acts as an identifier. For example, the knots 51 and 52 shown
in Figure 1 each have five crossings, but in different combinations of “over
crossings” and “under crossings,” making them different knots. One of the
main questions in knot theory is how to tell if two knot projections, or 2-D
representations of a knot, are actually the same knot.
This is where knot invariants come in. Knot invariants are mathematical
quantities defined for knots such that if two knots have different invariant quantities, then the knots are distinct. In simpler terms, knot invariants are the
tools that mathematicians use to tell knots apart. One important class of knot
invariants is knot polynomials.
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A Brief History of Knot Polynomials:
The first polynomial used to describe mathematical knots was discovered
by J. Alexander in 1928. The polynomial equation was the first of its kind in
the sense that it could be utilized to distinguish between a knot and a link.
In 1969, John Conway built on Alexander’s work by finding a way to calculate
the Alexander polynomial of a link using a mathematical property of knots and
links known as a skein relation (we will define this term later). The Alexander
polynomial was the only polynomial used for this purpose for almost 60 years
until, in 1984, Vaughn Jones discovered a new polynomial for knots and links,
which would come to be known as the Jones Polynomial. While studying operator algebras, Jones noticed that one of the algebraic relations he was working
with very closely resembled a relation used in knot theory. This led to the Jones
Polynomial, one of the most commonly used knot polynomials to date. [1]
Jones’ work sparked a greater interest in knot polynomials among mathematicians worldwide. Mathematicians Hoste, Ocneau, Millett, Freyd, Lickorish,
and Yetter, working in four independent groups in different parts of the world,
all ended up discovering the same new polynomial, which would be called the
HOMFLY polynomial, after the first letters of the names of those who contributed. The HOMFLY polynomial is particularly useful in the sense that it
was the first to generalize both the Alexander and Jones polynomials. [1]
Not long after the Jones polynomial, in 1987, mathematician Louis H. Kauffman proved an intuitively simple approach to define knot invariants known as
the Kauffman polynomial, or “normalized bracket polynomial.” Not only did
this new polynomial reveal information about invariants, but also led to new
theory concerning the Jones polynomial. Namely, Kauffman showed that the
Jones polynomial is actually a special case of the Kauffman polynomial. [3]
The Kauffman polynomial is easy to define, and, unlike the other polynomials
mentioned, the proof that it is an invariant of knots follows quite simply. [3]
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Definitions

Here we will define the five knot polynomials we will be analyzing, as well
as a few other important terms that will be necessary to understand these
polynomials.
writhe: At every crossing of an oriented link projection L, we label the
crossings with either −1 or +1 depending on whether the crossing is positive or
negative (as shown in figure 2). The sum of these −1s and +1s is the writhe of
the link projection, or w(L). The writhe of a link projection is unaffected by
Reidemeister moves. [4]
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Figure 2: The writhe of a knot

Seifert Surface: A Seifert Surface is an orientable surface whose boundary
is equal to the given knot or link (shown in figure 3). The genus of a knot K is
the minimum number of a Seifert surface whose boundary is equal to K. The
unknot is the only knot that has a genus of zero. [1]

Figure 3: The Seifert surface of a knot
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The Alexander Polynomial: To compute the Alexander polynomial of a
knot projection K, one must orient the projection, number the crossings and
arcs separately, and define an (n × n) matrix where n is equal to the number of
crossings in the diagram. The (n × n) matrix obtained by removing the last row
and column from the n × n matrix just described is called an Alexander matrix
of K. [6] The determinant of the Alexander matrix is called the Alexander
polynomial of K. [5] An example of how to calculate to Alexander polynomial
of the trefoil knot can be found in Section 4.
Skein relation: the Skein relation is obtained by the following equation:
t−1 V (L+ ) − tV (L− ) + (t−1/2 − t1/2 )V (L0 ) = 0
Where t is a variable and L+ ,L− , and L0 are defined for crossings as shown
in Figure 4:

Figure 4: L+ ,L− , and L0
The Bracket Polynomial: The bracket polynomial of any (unoriented)
link diagram L, denoted L , is a polynomial in the variable A characterized by
following the three rules [1]:
1. O = 1, where O is the standard diagram of the unknot.
2.

3. O ∪ L = (−A2 − A−2 ) L [7]
The bracket polynomial alone is not a knot invariant under Reidemeister moves.
We also need the writhe, defined in Figure 2.
The Jones Polynomial: The Jones polynomial is an invariant V of oriented
link L satisfying the following [8]:
1. V (L) ∈ Z[t1/2 , t−1/2 ]
4

In plain language, this means that any Jones polynomial lies in the ring in which
all powers are multiples of 1/2.
2. V (unknot) = 1
3. The Skein relation holds (see definition above).
The Kauffman Polynomial: The Kauffman polynomial is a one-variable knot
polynomial that is defined for a link L by
XL (A) = (−A3 )−w(L) L (A)
Where L is the Bracket polynomial and w(L) is the writhe of L.
The Kauffman polynomial is logically equivalent to the Jones polynomial and
is also referred to as the “Normalized Bracket polynomial”.[9]
The HOMFLY Polynomial: The HOMFLY polynomial is a two-variable
knot polynomial defined as PL (`, m) in terms of the skein relationship:
`P (L+ ) + `−1 P (L− ) + mP (L0 ) = 0
It is important to note that Punknot is always equal to 0. [1]
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Ex: Calculating the Alexander Polynomial of
a Knot

We will look at the Alexander polynomial of the trefoil knot.
First, we will pick an orientation of our knot, then label each strand of the knot.
These are labeled as strands a, b, and c. We will then label each crossing by
boxing it with a different color.
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Figure 5: Colored and labeled strands and crossings of the trefoil

For each crossing, we will create a polynomial equation, defining the variables
starting at the positive end of the over strand and going clockwise, as pictured:
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As can be seen in Figure 5, the equation for each crossing is set equal to zero
and has the coefficients 1, t, −t, and −1 in that order. Next, we will create a
matrix, P+ , using the crossings as our rows and variables as columns. As an
example, for the dark blue crossing, the polynomial is a + tb − ta − c, so in the
first row of the matrix for that crossing are the coefficients for a, or 1 − t.

Figure 6: The matrix P+
Now, we will delete one row and one column of P+ (it can be shown that the
choice of row and column is arbitrary).
This creates a new matrix, which we will call P , shown in Figure 8.
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Figure 7: P+ with one row and one column deleted

Figure 8: The matrix P

The determinant of matrix P is equal to the Alexander polynomial of our knot.
Taking the determinant of P , we get:
det(P ) = (1 − t)2 + t = 1 − t + t2
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Counterexamples

Knot polynomials are not foolproof knot invariants. That is to say, there exist
distinct pairs, or even infinite collections, of knots that have the same polynomial. For example, Kanenobu has shown that there exist arbitrarily many
2-bridge links with the same Alexander polynomial, but that have different
Jones polynomials. [2] He has also shown that exist a pair of 2-bridge knots
with the same Kauffman polynomial but distinct Alexander polynomials. [2] It
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can also be shown that the Whitehead double of a knot (show in Figure 9) has
trivial Alexander polynomial of 1, like the unknot.

Figure 9: A Whitehead double of the trefoil
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Conclusion

Knot polynomials are useful because they provide algebraic properties of knots
that are otherwise very abstract and hard to conceptualize. As shown in the
Alexander polynomial example, computations of these polynomials are often
very visual, therefore an accessible concept for people with intermediate mathematical experience despite the abstract nature of knot theory. Though knot
polynomials are not flawless knot invariants, they are a powerful tool in differentiating between more complex knots that are not easy to visualize.
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